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Abstract
We construct the 4-dimensional N = 12 and N = 1 inhomogeneously mass-deformed
super Yang-Mills theories from the N = 1∗ and N = 2∗ theories, respectively, and analyse
their supersymmetric vacua. The inhomogeneity is attributed to the dependence of back-
ground fluxes in the type IIB supergravity on a single spatial coordinate. This gives rise to
inhomogeneous mass functions in the N = 4 super Yang-Mills theory which describes the
dynamics of D3-branes. The Killing spinor equations for those inhomogeneous theories lead
to the supersymmetric vacuum equation and a boundary condition. We investigate two types
of solutions in the N = 12 theory, corresponding to the cases of asymptotically constant mass
functions and periodic mass functions. For the former case, the boundary condition gives a
relation between the parameters of two possibly distinct vacua at the asymptotic boundaries.
Brane interpretations for corresponding vacuum solutions in type IIB supergravity are also
discussed. For the latter case, we obtain explicit forms of the periodic vacuum solutions.
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1 Introduction
The original Janus solution of the type IIB supergravity was introduced as extension of an asymp-
totically AdS5×S5 solutions, by allowing the variation of the dilaton field along one spatial direc-
tion [1]. The dilaton variation can approaches two distinct constant values at the two boundaries of
the chosen space direction, creating a codimension one defect in between, which is usually referred
to as an interface. Though they proved to be stable, those solutions are non-supersymmetric. How-
ever, some variants of these solutions which preserve some supersymmetry were found later [2–7].
The holographic dual field theories to those Janus solutions are the 4-dimensional N = 4 super
Yang-Mills (SYM) gauge theories on each side of the interface with space dependent gauge cou-
pling, which varies across the interface [8–12]. At the two boundaries of the one spatial direction,
the values of the gauge coupling correspond to the asymptotic values of the dilaton field at those
boundaries.
In the N = 4 SYM theory, the gauge coupling is the only parameter of the theory, which can
have a non-trivial space dependence. On the other hand, in the dual gravity theory, in addition to
or instead of the dilaton variation, one can consider the spatial variation of the background p-form
fluxes to explore more general extensions of the asymptotically AdS5 × S5 solutions. In this case,
the dual field theories with some background form fluxes are the mass-deformed super Yang-Mills
(mSYM) gauge theories [13, 14, 17], which are refereed as the N = 1∗ and N = 2∗ theories. The
gauge/gravity duality of those theories were investigated, e.g. see [15–21]. When the background
2
form fluxes are a space coordinate dependent, the mass parameters in the mSYM theories are
inhomogeneous along that spatial direction. This generalization of the mass deformation is anal-
ogous to that of the ABJM theory [23]. Recently, the N = 3 supersymmetric inhomogeneous
gauge model with space-dependent mass parameters were constructed in [22] in the context of the
N = 6 mass-deformed ABJM theory [24, 25]. Less supersymmetric generalization and vacuum
solutions of the N = 3 inhomogeneously mass-deformed ABJM (ImABJM) model were studied
in [26]. See also [27] for the Janus deformation of the ABJM theory. A general discussion for
the Janus couplings in various field theories, including the mass parameters, was given in [28].
Holographic duality descriptions for the inhomogeneous (spatially modulated) mass deformations,
which preserve 1/4 supersymmetry of the d = 11 supergravity, were constructed in [29] in terms
of the Q-lattice construction [30]. The construction in [29] was also generalized in [31]. Based on
the Q-lattice construction, finite temperature generalizations of the gravity dual for the N = 3
ImABJM model were constructed in [32, 33], where the black brane, AdS soliton solutions [32],
and thermodynamic properties [33] were discussed. It was also reported that, as an extension
of [34], there are RG interface solutions [35], which have the ABJM theory on one side of the
interface and one of the two G2 invariant N = 1 d = 3 superconformal field theories in d = 4
supergravity. See also refs. [36–38] for spatially dependent relevant operators.
In this paper, we construct supersymmetric models by inhomogeneous extensions of theN = 1∗
andN = 2∗ mSYM theories. The homogeneous mass-deformations arise from magnetic RR 3-form
fluxes, which are dual to electric RR 7-form fluxes interacting with the D3-branes by the process
of the Myers dielectric effect [39]. Then, the inhomogeneously mass-deformed super Yang Mills
(ImSYM) model corresponds to the case where this background 7-form fluxes are space dependent.
We show that when the mass parameters in mSYM theories are inhomogeneous along one spatial
direction, half of the supersymmeries are preserved if appropriate additional scalar fields mass
terms are added to the Lagrangian of the homogeneous mSYM theories.1 As a result, we obtain
the N = 1
2
and N = 1 ImSYM models from the N = 1∗ and N = 2∗ mSYM theories, respectively.
These inhomogeneous constructions were also given in [41] using a different method. Dual gravity
solutions and gauge/gravity duality correspondence in terms of the holographic renormalization
method were also constructed [41] in d = 5 supergravities , which arise from consistent truncations
of type IIB supergravity. In [35], the RG interface solutions joining the N = 4 SYM theory and
the N = 1 Leigh-Strassler superconformal field theory [42] was constructed, as a dual gravity
solution for the N = 1
2
ImSYM model with one non-vanishing mass function.
In the N = 1
2
ImSYM model with all the masses are non-vanishing, we investigate two types
1Similar constructions preserving half supersymmetries [22, 26] were obtained from the N = 2, 3, 6 mABJM
theories [24, 25, 40].
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of vacuum solutions corresponding to the cases of asymptotically constant mass functions and
periodic mass functions. In the 4-dimensional N = 1 language, the N = 4 SU(N) SYM theory
consists of one vector multiplet and three chiral multiplets, all in the N -dimensional adjoint
representations of the gauge group. In the absence of the inhomogeneity, the N = 1∗ mSYM
theory is obtained by adding a mass deformation with the three chiral multiplets assigned different
mass parameters, whereas for the N = 2∗ case one chiral multiplet remains massless and the
other two assigned equal mass parameters. For the N = 1∗ theory with all the three mass
parameters are non-zero, the supersymmetric vacuum solutions are the Higgs branch solutions,
which are expressed in terms of N -dimensional, generally reducible, representations of the su(2)
algebra [17]. However, for the N = 1∗ theory with some of the mass parameters are zero and
for the N = 2∗ theory, the vacuum solutions are in the Coulomb branch. Here, we focus on the
N = 1
2
ImSYM model, which corresponds to the former case. From the Killing spinor equation
of the N = 1
2
ImSYM model, we obtain the supersymmetric vacuum equations and the boundary
condition that the inhomogeneous solutions should satisfy at the asymptotic boundaries of the one
spacial coordinate. We discuss two types of solutions, corresponding to the cases of asymptotically
constant mass functions and periodic mass functions. In the former case, we find the relations
which are necessary for the solutions to satisfy the asymptotic boundary condition. We discuss
brane configurations corresponding to the vacuum solutions. For the later case, the boundary
condition is trivially satisfied and we obtain explicit forms of the periodic solutions.
The remaining parts of this paper are summarized as follows. In section 2, we review some
necessary aspects of the N = 1∗ and N = 2∗ mSYM theories and then construct the corresponding
N = 1
2
and N = 1 ImSYM models by allowing the variation of the mass parameters along one
spatial direction. We present the detailed procedure for the N = 1
2
case and briefly summarize
the case of N = 1 in the Appendix. In section 3, we obtain the supersymmetric vacuum equation
and the boundary conditions for the N = 1
2
ImSYM model from its Killing spinor equations. We
investigate the boundary condition for the vacuum solutions with asymptotically constant mass
functions, discuss corresponding brane configurations, and explicitly construct the vacuum solu-
tions associated with periodic mass functions. In section 4, we draw our conclusions.
Note Added: While this paper was being completed, a paper [41] appeared, which also constructs
the supersymmetric inhomogeneously mass-deformed SYM models.
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2 N = 1 and N = 12 ImSYM Models
The mass-deformation of the 4-dimensional N = 4 SYM theory breaks the supersymmetry, par-
tially or totally, depending on the choice of the bosonic and fermionic mass matrices. In this
section, we construct supersymmetric theories by allowing the mass parameters in the N = 1∗
and N = 2∗ mSYM theories to be inhomogeneous. We show that when the inhomogeneity of the
mass parameters is only along one spatial direction, the resulting ImSYM models with appropriate
interaction terms preserve half of the N = 1∗ and N = 2∗ supersymmetries.
2.1 Review of N = 1∗ and N = 2∗ mSYM theories
In this subsection, we review the SU(N) mSYM theories [13,14], known as the N = 1∗ and N = 2∗
theories. Dual supergravity theories of those theories were studied in [16,17]. Though the N = 1
superfield formalism is widely used to discuss the mSYM theories with constant mass parameters,
in order to introduce the inhomogeneous mass deformations, we found that the component field
approach is more convenient. Therefore, we begin by writing the N = 4 SYM theory action,
which can be obtained from the dimensional reduction of the 10-dimensional N = 1 SYM theory,
by using the component fields in the adjoint representations of SU(N) as
LSYM =tr
[
−1
2
FαβF
αβ −DαφaDαφa + g
2
2
[φa, φb]
2 + iψ¯pγ
αDαψp − g
(
ψ¯p
(
Γpqa P+ + Γ¯
pq
a P−
)
[φa, ψq]
)]
,
(2.1)
where P± =
1±γ5
2
are the 4-dimensional chirality projection operators, α, β = 0, ..., 3 are the 4-
dimensional space-time indices, a, b, c = 1, ..., 6 and, p, q, r = 1, ..., 4, respectively, are the indices
of the SO(6) and SU(4) representations of the global symmetries. The ψp’s with ψ¯p = ψ
T
p γ
0 are
Majorana fermions and φa’s are Hermitian scalar fields. We also introduced Γ
pq
a = v
+
p Γav
+
q and
Γ¯pqa = v
−
p Γav
−
q , where Γa are the six-dimensional Euclidean space gamma matrices, whereas v
+
p
and v−p are the eigenvectors of Γ∗ = −iΓ1...Γ6 with eigenvalues +1, -1, respectively. The Clifford
algebra for the 4-dimensional gamma matrices is given by: {γα, γβ} = 2ηαβ with the signature
(−,+,+,+).
The N = 4 supersymmetry transformation rules are also obtained from the corresponding
10-dimensional N = 1 supersymmetry transformations, and they are given by
δǫAα = iψ¯pγαǫp, δǫφa = −iψ¯p
(
Γpqa P+ + Γ¯
pq
a P−
)
ǫq,
δǫψp = iFαβΣ
αβǫp + γ
αDαφa
(
Γpqa P+ + Γ¯
pq
a P−
)
ǫq − g[φa, φb]
(
ΓpqabP+ + Γ¯
pq
abP−
)
ǫq, (2.2)
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where Σαβ = i
4
[γα, γβ], the supersymmetry parameters ǫp’s are Majorana fermions, and Γ
pq
ab =
v−p Σ
abv+q , Γ¯
ab
pq = v
+
p Σ
abv−q with Σ
ab = − i
4
[Γa, Γb]. By rearranging those, one can write
Γpqab =
i
4
(
Γ¯pra Γ
rq
b − Γ¯prb Γrqa
)
, Γ¯pqab =
i
4
(
Γpra Γ¯
rq
b − Γprb Γ¯rqa
)
. (2.3)
We also obtain the explicit forms of the matrix elements of Γa from some choice of the 10-
dimensional gamma matrices,
Γpq1 = i
(
δp1δq4 − δp4δq1 + δp2δq3 − δp3δq2
)
, Γpq2 = i
(
δp1δq2 − δp2δq1 + δp3δq4 − δp4δq3
)
,
Γpq3 = i
(
δp1δq3 − δp3δq1 − δp2δq4 + δp4δq2
)
, Γpq4 = −
(
δp1δq4 − δp4δq1 − δp2δq3 + δp3δq2
)
,
Γpq5 =
(
δp1δq2 − δp2δq1 − δp3δq4 + δp4δq3
)
, Γpq6 = −
(
δp1δq3 − δp3δq1 + δp2δq4 − δp4δq2
)
, (2.4)
and Γ¯pqa = −Γpqa , for a = 1, 2, 3 and Γ¯pqa = Γpqa , for a = 4, 5, 6. These matrix representations of
the gamma matrices satisfy the Clifford algebra: Γ¯pra Γ
rq
b + Γ¯
pr
b Γ
rq
a = Γ
pr
a Γ¯
rq
b + Γ
pr
b Γ¯
rq
a = −2δabδpq.
With the help of this algebra and the Fierz identities, one can show that the Lagrangian in (2.1)
is invariant under the N = 4 supersymmetry transformations in (2.2).
Depending on the choice of the mass matrices, the mass-deformation of (2.1) preserves only
one or two of the N = 4 supersymmetries. The resulting theories are the N = 1∗ and N = 2∗
mSYM theories. Here we mainly review the N = 1∗ theory and summarize the N = 2∗ case in
the Appendix. Without loss of generality, in the N = 1∗ mSYM theory, we choose ǫ4 = ǫ as the
parameter of the unbroken supersymmetry with the other three parameters (ǫ1, ǫ2, ǫ3) set to zero.
This means we can write
ǫp = δp4ǫ. (2.5)
Then the supersymmetry transformation rules in (2.2) are reduced to
δǫAα = iψ¯4γαǫ, δǫφa = −iψ¯p
(
Γp4a P+ + Γ¯
p4
a P−
)
ǫ, (2.6)
δǫψp = iFαβΣ
αβδp4ǫ+ γ
αDαφa
(
Γp4a P+ + Γ¯
p4
a P−
)
ǫ− g[φa, φb]
(
Γp4abP+ + Γ¯
p4
abP−
)
ǫ.
In the presence of the mass-deformation, the total action will be invariant if the supersymmetry
variations of the fermionic fields are modified by including the following additional transformations,
δ′ǫψp = µpqφa
(
Γq4a P+ + Γ¯
q4
a P−
)
ǫ, (2.7)
for specific fermionic mass matrix µpq, whereas δ
′
ǫAα = δ
′
ǫφa = 0. In this subsection, we assume
µpq is constant. With the modification in (2.7), the variation of the undeformed Lagrangian in
(2.1) is rearranged as
(δǫ + δ
′
ǫ)LSYM = tr
(
2iµpqψ¯p(δǫ + δ
′
ǫ)ψq + 2Mabφaδǫφb − 3igTabc[φb, φc]δǫφa
)
, (2.8)
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where µpq = diag(µ1, µ2, µ3, 0), the bosonic mass matrix Mab = diag(µ
2
1, µ
2
3, µ
2
2, µ
2
1, µ
2
3, µ
2
2) with
constant mass parameters µm=1,2,3, and the nonvanishing components of the antisymmetric three-
form tensor Tabc are
T234 =
1
3
(µ1 − µ2 − µ3), T126 = 1
3
(µ1 − µ2 + µ3),
T135 =
1
3
(µ1 + µ2 − µ3), T456 = 1
3
(µ1 + µ2 + µ3). (2.9)
As we mentioned above, in this subsection, we assume µm are constant. Therefore, if we add the
following mass-deformation to the Lagrangian in (2.1),
Lµ = tr
(− iµpqψ¯pψq −Mabφaφb + igTabcφa[φb, φc]), (2.10)
then the total Lagrangian is invariant of the N = 1 supersymmetry transformation, i.e.
(δǫ + δ
′
ǫ)(LSYM + Lµ) = 0. (2.11)
Here, we would like to note that the N = 2∗ homogeneous mSYM theory can be obtained from
the N = 1∗ theory by setting µ1 = µ2 = µ, µ3 = 0 and choosing the unbroken supersymmetry
parameters as ǫp = δpiǫi with i = {3, 4}. See the Appendix for the details.
2.2 Construction of the N = 12 and N = 1 ImSYM models
In this subsection, we consider the inhomogeneous extension of the mSYM theory summarized in
the previous subsection by assuming that the mass parameters are coordinate dependent
(
µm =
µm(x
α)
)
. In that case, the supersymmetry variation of the total Lagrangian in (2.11), which we
can expand as
(δǫ + δ
′
ǫ)(LSYM + Lµ) = δ′ǫLSYM + δǫLµ + δ′ǫLµ, (2.12)
is not zero, where we have used the fact δǫLSYM = 0. The first term on the right hand side of
(2.12) is expressed as
δ′ǫLSYM = tr
[
2i(∂αµm)ψ¯mγ
αφa
(
Γm4a P+ + Γ¯
m4
a P−
)
ǫ+ 2iµmψ¯mγ
αDαφa
(
Γm4a P+ + Γ¯
m4
a P−
)
ǫ
− 2gµmψ¯p[φa, φb]
(
Γpma Γ
m4
b P+ + Γ¯
pm
a Γ¯
m4
b P−
)
ǫ
]
, (2.13)
where m = {1, 2, 3} and p = {1, 2, 3, 4}. Similarly, the second and the third terms on the right
hand side of (2.12) are given by
δǫLµ = tr
[− 2iµmDαφaψ¯mγα(Γm4a P+ + Γ¯m4a P−)ǫ− gµm[φa, φb]ψ¯m(Γ¯mpa Γp4b P+ + Γmpa Γ¯p4b P−)ǫ
+ 2iMabφaψ¯p(Γ
p4
b P+ + Γ¯
p4
b P−
)
ǫ+ 3gTabc[φb, φc])ψ¯p(Γ
p4
a P+ + Γ¯
p4
a P−
)
ǫ
]
,
δ′ǫLµ = tr
[− 2iµprµrqφaψ¯p(Γq4a P+ + Γ¯q4a P−)ǫ]. (2.14)
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Combing the expressions in (2.13) and (2.14), we obtain
(δǫ + δ
′
ǫ)(LSYM + Lµ) = 2i(∂αµm)tr
[(
−
3∑
a=1
+
6∑
a=4
)
φaψ¯m
(
Γm4a P+ + Γ¯
m4
a P−
)]
γαǫ. (2.15)
This means that the mass-deformed theory can not preserve the full N = 1 supersymmetry when
the mass parameters are inhomogeneous.
Now we determine the coordinate dependence of the mass parameter for which half of the
N = 1 supersymmetry is preserved. Since from (2.4) we see that Γ44a = 0, we can rewrite (2.15)
as
(δǫ + δ
′
ǫ)
(LSYM + Lµ) = 2i(∂αµp)tr
[(
−
3∑
a=1
+
6∑
a=4
)
φaψ¯p
(
Γp4a P+ + Γ¯
p4
a P−
)]
γαǫ
= tr
[− 2i(∂αJab)φaψ¯p(Γp4b P+ + Γ¯p4b P−)γαǫ], (2.16)
where we have introduced
Jab = diag(µ1, µ3, µ2,−µ1,−µ3,−µ2). (2.17)
In order to proceed, we assume the mass parameters are inhomogeneous only along one spatial
direction x ≡ x1, then we obtain
(δǫ + δ
′
ǫ)
(LSYM + Lµ) = tr[− 2iJ ′abφaψ¯p(Γp4b P+ + Γ¯p4b P−)γ1ǫ], (2.18)
where J ′ab =
d
dx
Jab. Imposing the projection,
γ1ǫ = ǫ, (2.19)
which breaks half of the N = 1 supersymmetry, we obtain
(δǫ + δ
′
ǫ)
(LSYM + Lµ) = tr
[
2J ′abφa
(
− iψ¯p
(
Γp4b P+ + Γ¯
p4
b P−
)
ǫ
)]
= tr
[
2J ′abφaδφb
]
. (2.20)
Therefore, we can cancel this term and obtain N = 1
2
ImSYM model by introducing an additional
mass term for the scalar field as
LJ = −tr
(
J ′abφaφb
)
. (2.21)
Similarly, the N = 1 ImSYM model can be obtained from the N = 2∗ homogeneous mSYM theory
by considering a inhomogeneous mass parameter µ = µ(x) and adding the inhomogeneous mass
term LJ = −tr
(
J ′abφaφb
)
, where Jab = diag(µ, 0, µ,−µ, 0,−µ). See the Appendix.
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3 Vacuum Solutions of the N = 12 ImSYM Model
In this section, we focus on the vacuum solutions for the N = 1
2
ImSYM model, leaving the more
challenging case of the N = 1 ImSYM model, which includes the vacuum moduli of one massless
complex scalar field.
3.1 Vacuum equations and the boundary condition
In order to find vacuum solutions for the N = 1
2
ImSYM model, we set the fermionic fields and the
gauge fields to zero, then the energy-momentum tensor from the action S =
∫
d4x (LSYM + Lµ + LJ)
is given by
Tµν = tr
[
2∂µφa∂νφa + gµν
(
− ∂αφa∂αφa + g
2
2
[φa, φb]
2 − (Mab + J ′ab)φaφb + igTabcφa[φb, φc]
)]
.
For the inhomogeneous mass deformation along the single spatial direction x, the vacuum solutions
are specified by the inhomogeneous scalar fields φa = φa(x). Then the vacuum energy is given by
E0 =
∫
d3x T00 =
∫
d3x tr
[
φ′aφ
′
a −
g2
2
[φa, φb]
2 + (Mab + J
′
ab)φaφb − igTabcφa[φb, φc]
]
. (3.22)
Next we show that the vacuum energy in (3.22) can be rewritten as the square of the norm
of the fermionic variations |(δǫ + δ′ǫ)ψp|2 plus some total derivative with respect to x. Similar
construction was also given in the N = 3 ImABJM models [26]. Using (2.5), we write the total
fermionic variation as
(δǫ + δ
′
ǫ)ψp =iFαβΣ
αβδp4ǫ+Dαφa
(
Γp4a P− + Γ¯
p4
a P+
)
γαǫ− g[φa, φb]
(
Γp4abP+ + Γ¯
p4
abP−
)
ǫ
+ µpqφa
(
Γq4a P+ + Γ¯
q4
a P−
)
ǫ. (3.23)
Since Aα = 0 and φa = φa(x) at the vacuum, this is rewritten as
(δǫ + δ
′
ǫ)ψp =
[
φ′a
(
Γp4a P− + Γ¯
p4
a P+
)− g[φa, φb](Γp4abP+ + Γ¯p4abP−)+ µpqφa(Γq4a P+ + Γ¯q4a P−)
]
ǫ,
(3.24)
where we have also used the projection condition (2.19) to obtain the first term on the right hand
side.
After some algebra, the trace of the norm for the square bracket in (3.24) can be written as
tr
[ ∣∣φ′a(Γp4a P− + Γ¯p4a P+)− g[φa, φb](Γp4abP+ + Γ¯p4abP−)+ µpqφa(Γq4a P+ + Γ¯q4a P−)∣∣2
]
(3.25)
= tr
[
φ′aφ
′
a −
ig
3
(
T˜abcφa[φb, φc]
)′
− Jab
(
φaφb
)′
− g
2
2
[φa, φb]
2 − igTabcφa[φb, φc] +Mabφaφb
]
,
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where |A|2 ≡ AA†, we have used Γpq∗a = Γ¯pqa , and introduced the constant antisymmetric tensor
T˜abc with the only non zero elements,
T˜126 = T˜135 = −T˜234 = −T˜456 = −1. (3.26)
Combining (3.25) with the vacuum energy in (3.22) gives the expected result:
E0 =
∫
d3x tr
[ ∣∣φ′a(Γp4a P− + Γ¯p4a P+)− g[φa, φb](Γp4abP+ + Γ¯p4abP−)+ µpqφa(Γq4a P+ + Γ¯q4a P−)∣∣2
]
+
∫
d3x K′, (3.27)
where the total derivative term is
K = tr
(
Jabφaφb +
ig
3
T˜abcφa[φb, φc]
)
. (3.28)
Then the vacuum equation becomes
φ′a
(
Γp4a P− + Γ¯
p4
a P+
)− g[φa, φb](Γp4abP+ + Γ¯p4abP−)+ µpqφa(Γq4a P+ + Γ¯q4a P−) = 0. (3.29)
Projecting (3.29) by P±, we can split it into two simpler equations,
φ′aΓ¯
p4
a − g[φa, φb]Γp4ab + µpqφaΓq4a = 0, φ′aΓp4a − g[φa, φb]Γ¯p4ab + µpqφaΓ¯q4a = 0. (3.30)
The second equation in (3.30) is the complex conjugate of the first one. Therefore, the supersym-
metric condition E0 = 0 in (3.27) leads to the two relations,
φ′aΓ¯
p4
a −
ig
2
[φa, φb]Γ¯
pr
a Γ
r4
b + µpqφaΓ
q4
a = 0, (3.31)∫ xR
xL
dx K′ = 0 ⇐⇒ K|x→xL = K|x→xR, (3.32)
where xL and xR represent the asymptotic boundaries along the x-direction. More explicitly, by
inserting p = 1, · · · , 4 in (3.31), we obtain the following 4 equations:
iφ′1 + φ
′
4 − g
(
i
(
[φ2, φ3] + [φ5, φ6]
)
+
(
[φ2, φ6] + [φ3, φ5]
))− µ1(iφ1 − φ4) = 0,
iφ′3 − φ′6 + g
(
− i([φ1, φ2]− [φ4, φ5])+ ([φ1, φ5]− [φ2, φ4])
)
− µ2
(
iφ3 + φ6
)
= 0,
iφ′2 + φ
′
5 + g
(
i
(
[φ1, φ3] + [φ4, φ6]
)
+
(
[φ1, φ6] + [φ3, φ4]
))− µ3(iφ2 − φ5) = 0,
[φ1, φ4] + [φ2, φ5]− [φ3, φ6] = 0. (3.33)
Introducing complex scalars as
Φ1 = g(φ1 + iφ4), Φ3 = g(φ2 + iφ5), Φ2 = g(φ3 − iφ6), (3.34)
10
the vacuum equations in (3.33) are written as
Φ†
′
i +
1
2
3∑
j,k=1
ǫijk[Φj ,Φk]− µiΦi = 0,
3∑
i=1
[Φi, Φ
†
i ] = 0. (3.35)
For arbitrary mass functions µi(x)’s (i = 1, 2, 3), solving the vacuum equations in (3.35) is
nontrivial. In this paper, we consider two kinds of mass functions, which are asymptotically
constant mass functions, and periodic mass functions. For the former case, the inhomogeneous
vacuum solutions may approach two different supersymmetric vacua of the N = 1∗ theory at the
two asymptotic boundaries of the space direction x. In the subsection 3.2, we find a relation which
matches the boundary condition in (3.32) for the case of asymptotically constant mass functions.
In the subsection 3.3, we consider periodic mass functions, which trivially satisfy the boundary
condition, and obtain explicit forms of vacuum solutions.
3.2 Boundary condition for asymptotically constant mass functions
For mass functions, which are asymptotically constants, i.e., we consider the mass functions sat-
isfying the conditions,
lim
xL→−∞
µi(xL) = µLi, lim
xR→∞
µi(xR) = µRi, (i = 1, 2, 3) (3.36)
with constants µLi and µRi. This means that in the asymptotic region the vacuum equations in
(3.35) become those of the N = 1∗ theory. Therefore, to obtain the quantity K|x→±∞, lets consider
the vacua of the N = 1∗ theory. For constant vacuum configurations, (3.35) becomes
[Φi,Φj ]− ǫijk(µ0kΦk) = 0,
3∑
i=1
[Φ†i , Φi] = 0, (3.37)
where µ0i’s (i = 1, 2, 3) denote constant mass parameters. The general solution for the homoge-
neous vacuum configurations is given by [17]
Φ1 = −i√µ02µ03 T1, Φ2 = −i√µ01µ03 T2, Φ3 = −i√µ01µ02 T3, (3.38)
where Ti’s form an N -dimensional (in general reducible) representation of the su(2) Lie algebra
[Ti, Tj ] = iǫijkTk. Here we follow the convention in [43]. Then the Hermitian generators Ti’s are
written in the following block-diagonal form
Ti =


T
(n1)
i
. . .
T
(nl)
i

 (3.39)
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with the constraint
l∑
k=1
nk = N, (3.40)
where T
(nk)
i ’s are the nk-dimensional irreducible representation. The {n1, n2, · · ·nl} are the parti-
tion of N . If Nn denotes the number of T
(n)
i ’s in a given representation, then one can rewrite the
constraint (3.40) as
∞∑
n=1
nNn = N. (3.41)
The Nn’s are usually refereed to as the occupation numbers. The supersymmetric vacua are
classified by the set of the occupation number {Nn}.
Comparing (3.34) and (3.38), we obtain the vacuum configuration for the real scalar fields,
φ1 = φ2 = φ3 = 0, φ4 = −
√
µ02µ03
g
T1, φ5 = −
√
µ01µ02
g
T3, φ6 =
√
µ01µ03
g
T2. (3.42)
Plugging (3.42), (2.17), and (3.26) into (3.28) and using the relation (3.39), we have
K|vac = − 1
3g2
µ01µ02µ03 tr
(
T 21 + T
2
2 + T
2
3
)
= − 1
12g2
µ01µ02µ03
∞∑
n=1
n(n2 − 1)Nn, (3.43)
where we used the relation (T
(n)
1 )
2 + (T
(n)
1 )
2 + (T
(n)
1 )
2 = c2(n)1ln×n with the quadratic Casimir
c2(n) =
1
4
(n2 − 1). Therefore, the boundary condition (3.32) for vacuum solutions of the N = 1
2
model with asymptotically constant masses, µLi and µRi, becomes
µL1µL2µL3
∞∑
n=1
n(n2 − 1)N (L)n = µR1µR2µR3
∞∑
n=1
n(n2 − 1)N (R)n . (3.44)
Since the constant parameters, µLi and µRi, are in general different, the occupation numbers,
{N (L)n } and {N (R)n }, can be different. This implies that some vacuum solutions of the equation
(3.35), which satisfy the boundary condition (3.44), can interpolate between two different super-
symmetric vacua of the N = 1∗ mSYM theory. The boundary condition (3.44) is similar with
that in the N = 3 ImABJM model [26].
As we have mentioned in the introduction, the homogeneous mass-deformations at the asymp-
totic boundaries arise from magnetic RR 3-form flux in the dual type IIB supergravity. In [44], it
was verified that this 3-form flux is determined by the antisymmetric 3-form tensor Tabc depicted
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in (2.9). The magnetic RR 3-form flux is dual to an electric RR 7-form flux, which couples to
multiple D3-branes due to the Myers effect [39]. Each block in the vacuum solution in (3.42)
and (3.39) is interpreted as the equation for non-commutative two sphere in the 456-direction.
In [17], it was shown that the vacuum solution (3.42) corresponds to adding a set of D5-branes
with topologyM4×S2 in the dual AdS5×S5 geometry in type IIB supergravity, where S2 denotes
the non-commutative or the fuzzy two-sphere. In the solution (3.40) nk D3-branes are polarized
into a D5-brane, where the radius of the fuzzy S2 is proportional to nk in the large nk limit. See
e.g. [45] for the details. As a result of the vacuum solution (3.42), N D3-branes are polarized into
l D5-branes with the fuzzy-two spheres having different radii, for instance, for the nk-dimensional
irreducible representation the radius is given by
R2k ∼
µ01µ02µ03
4N
nk(n
2
k − 1). (3.45)
Therefore, the boundary condition in (3.44) is a relation between the radii of the set of the fuzzy-
two spheres at the left boundary, which are classified by the occupation numbers {N (L)n }, and
those at the right boundary, which are classified by {N (R)n }. The inhomogeneous vacuum solutions
interpolating between the two homogeneous asymptotic solutions, describe the variations of the
radii of the fuzzy-two spheres along the spatial coordinate x.
3.3 Vacuum solutions for periodic mass functions
In this subsection, we obtain vacuum solutions for spatially periodic mass-functions,
µi(x) = mi0 +mi(x) with
∫ τ
0
mi(x)dx = 0, (3.46)
wheremi0’s are positive constant mass parameters andmi(x)’s are periodic functions with a period
τ satisfying the relation
∫ x0+τ
x0
mi(x)dx = 0 for an arbitrary position x0. Thus mi0’s denote the
reference values of the mass functions mi(x). Then the boundary condition (3.32) is trivially
satisfied, since one may take (xR − xL) as an integer times the periodicity τ of the periodic mass
functions. So the remaining vacuum equations are the coupled differential equations in (3.35).
To solve the vacuum equations by using a similar method as in [26], we redefine the complex
scalar fields as
Φi(x) = e
Ki(x)Φ˜i(x),
Ki(x) = mi0(ξi − x)− Λi(x),
Λi =
∫ x
mi(x
′)dx′, (3.47)
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where we introduce the monotonically increasing function ξi as coordinates, which satisfies the
relation
dξi
dx
= eKi−
∑
i′ 6=iKi′ . (3.48)
Inserting (3.47) into (3.35), one can formally write the i-th vacuum equation as
e
∑
i′ 6=i Ki′
(dΦ˜†i
dξi
+
1
2
3∑
j,k=1
ǫijk[Φ˜j , Φ˜k] +mi0Φ˜
†
i
)
= e
∑
i′ 6=iKi′µi
(
Φ˜†i + Φ˜i
)
,
3∑
i=1
e2Ki [Φ˜i, Φ˜
†
i ] = 0. (3.49)
We consider the anti-Hermitian configurations satisfying the condition Φ˜†i = −Φ˜i, i.e., Φ†i = −Φi,
which are compatible with the homogeneous vacuum solution in (3.38). Then the vacuum equation
in (3.49) is reduced to
dΦ˜i
dξi
− 1
2
3∑
j,k=1
ǫijk[Φ˜j , Φ˜k] +mi0Φ˜i = 0. (3.50)
As we see in (3.48), the functions ξi(x)’s are coupled to each other for different mass functions
µi(x)’s. In this subsection, we consider a simple case, µ(x) = µ1(x) = µ2(x) = µ3(x) and follow
the analysis given in [26]. Then the relations in (3.47) are written as
Φi(x) = e
K(x)Φ˜i(x),
K(x) = m0(ξ − x)− Λ(x) with Λ =
∫ x
m(x′)dx′, (3.51)
where µ(x) = m0 +m(x) with ξ(x) satisfies the relation(
dξ
dx
)
(x) = e−K(x) = e−m0(ξ−x)+Λ(x). (3.52)
From the relation Φi(x) =
(
dx
dξ
)
Φ˜i(x), we notice that since Φi(x)’s are periodic for the periodic
mass function, so are Φ˜i(x)’s if
(
dξ
dx
)
is periodic. In order to show the periodic behavior of
(
dξ
dx
)
,
we solve the differential equation (3.52). Then we obtain
(
dx
dξ
)
(x) = m0
∫ x
−∞
em0(x
′−x)+(Λ(x′)−Λ(x))dx′, (3.53)
where we selected the integration range to have the relation ξ → x in the limit m(x) → 0. That
is, for the constant mass limit m(x)→ 0, the differential equation (3.50) is reduced to the vacuum
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equation of the N = 1∗ theory with non-vanishing masses given in (3.37). It corresponds to the
limit K(x) → 0, i.e., ξ → x. Using the relation Λ(x) = Λ(x+ τ) for the periodic mass function,
we obtain (
dx
dξ
)
(x+ τ) = m0
∫ x+τ
−∞
em0(x
′−x−τ)+(Λ(x′)−Λ(x))dx′
= m0
∫ x
−∞
em0(x
′′−x)+(Λ(x′′)−Λ(x))dx′′ =
(
dx
dξ
)
(x), (3.54)
where we used the change of the integration variable by introducing x′′ = x′ − τ . Therefore, as
we see in (3.54),
(
dx
dξ
)
is a periodic function with the periodicity τ . As we discussed previously,
Φ˜(x)’s are also periodic functions.
Except for the first term of the left-hand side in (3.50), the equations are same with the vacuum
equations of the N = 1∗ theory with non-vanishing constant masses. For the constant mass case
with m0 6= 0, we know that the only regular periodic solutions satisfying the (3.50) were given in
(3.38). That is, dΦ˜i
dξ
= 0. On the other hand, for m0 = 0 case, the equation (3.50) is reduced to
dΦ˜i
dξi
− 1
2
3∑
j,k=1
ǫijk[Φ˜j , Φ˜k] = 0. (3.55)
Except for the term dΦ˜i
dξi
in (3.55), this equation is same with the vacuum equation of the original
N = 4 SYM theory without mass deformation. In the SYM theory, we know that the only regular
periodic solutions satisfying the equation (3.55) are constant diagonal matrices, i.e.,
Φ˜iD = diag(a
i
1, a
i
2, · · · , aiN). (3.56)
Again, dΦ˜i
dξi
= 0. We show several explicit vacuum solutions for some representative periodic mass
functions.
• µ(x) = m1 sin qx case: We consider a mass function
µ(x) = m1 sin qx, (3.57)
where m1 > 0 and q = 2πn/(xR− xL) for some integer n. In this case, we cannot use the relation
(3.53), since m0 = 0. From (3.51), we simply obtain
Φi(x) = e
m1
q
cos qxΦ˜iD, (3.58)
where Φ˜iD’s are given in (3.56).
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• µ(x) = m0 +m1 sin qx case: In this case, we use the relation
Φi(x) =
(
dx
dξ
)
Φ˜i(x), (3.59)
where we use (3.38) and (3.53), and then obtain(
dx
dξ
)
x
= m0
∫ x
−∞
em0(x
′−x)−
m1
q
(cos qx′−cos qx)dx′,
Φ˜i(x) = −im0Ti. (3.60)
4 Conclusion
In this paper, we obtained 4-dimensional N = 1
2
and N = 1 ImSYM models from the N = 1∗
and N = 2∗ mSYM theories, respectively, by allowing the variation of the mass parameters along
a single spatial direction x. The Killing spinor equations for the ImSYM models lead to the
supersymmetric vacuum equations as well as a boundary condition for the solutions at the two
asymptotic boundaries of the coordinate x. For constant mass parameters, the vacuum solutions
of the N = 1∗ theory with all non-vanishing mass parameters contain only the Higgs branch
solutions and they are expressed in terms of N -dimensional (in general reducible) representations
of the su(2) algebra. Based on this fact, we discussed two types of vacuum solutions of N = 1
2
ImSYM model by considering two kinds of mass functions, which are asymptotically constant
mass functions and periodic mass functions.
For asymptotically constant mass functions, the inhomogeneous solutions approach the homo-
geneous solutions of the N = 1∗ mSYM theory at the two asymptotic boundaries of the spatial
coordinate x. In general, those two homogeneous solutions can be different, and then the inho-
mogeneous solutions can interpolate between two different supersymmetric vacua of the N = 1∗
mSYM theory. We showed that the two distinct vacuum solutions of the N = 1∗ mSYM theory
at the two boundaries of the spatial coordinate x can be connected to each other by the boundary
condition. For these mass functions, we also gave possible brane interpretations for the vacuum
solutions.
In the case of the periodic mass functions, we proposed periodic solutions, which trivially satisfy
the asymptotic boundary condition. The periodic solutions are given by Φi(x) = e
Ki(x)Φ˜i(x), (i =
1, 2, 3), where eKi(x)’s are expected to be periodic functions, and Φ˜i’s with non-vanishing reference
masses are the solutions for the N = 1∗ mSYM theory. In this paper, we considered a simpler
periodic mass function µ(x) ≡ m0+m(x) = µ1(x) = µ2(x) = µ3(x), and obtained general vacuum
solutions by showing the periodicity of the overall factor eKi(x). For m0 = 0 case, the vacuum con-
figurations have constant diagonal components only with an appropriate overall periodic function.
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On the other hand, for m0 6= 0 case, the vacuum configurations are determined by Φ˜i(x) ∼ m0Ti
and the overall periodic functions.
We obtained the boundary conditions for asymptotically constant mass functions, without
explicit solutions. As we discussed in the subsection 3.2, the boundary conditions can connect
different asymptotic vacua in the N = 1∗ theory with all non-vanishing masses. It would be
interesting if we obtain some explicit form of the interpolating vacuum solutions. Corresponding
dual gravity solutions can also exist in type IIB supergravity, though finding such solutions would
be non-trivial, since those solutions require some information for the transverse space. It means
consistent truncation can be very complicated in this case. Applying the gauge/gravity duality
established in [41] to various vacuum solutions, for instance, the periodic vacuum solutions in this
paper, is also interesting.
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A N = 1 ImSYM Model
As we have mentioned in section 2, the N = 2∗ mSYM theory is obtained from the N = 1∗
theory by setting µ1 = µ2 = µ, and µ3 = 0. The inhomogeneous extension of the N = 2∗ theory
means that the mass parameter is space-dependent. Then the supersymmetry variation of the
mass-deformed Lagrangian (LSYM + Lµ) is given by
(δǫ + δ
′
ǫ)(LSYM + Lµ) = 2i(∂αµ)tr
[(
−
3∑
a=1
+
6∑
a=4
)
φaψ¯m
(
Γmia P+ + Γ¯
mi
a P−
)
γαǫi
]
, (A.61)
where m, · · · = {1, 2} and i, · · · = {3, 4}. From (2.4) we see that Γija = 0 for a = 1, 3, 4, 6 and
Γmia = 0 for a = 2, 5. Therefore, one can write
(δǫ + δ
′
ǫ)(LSYM + Lµ) = 2i(∂αµ)tr
[(
−
∑
a=1,3
+
∑
a=4,6
)
φaψ¯p
(
Γpia P+ + Γ¯
pi
a P−
)
γαǫi
]
= tr
[− 2i∂αJabφaψ¯p(Γpib P+ + Γ¯pib P−)γαǫi], (A.62)
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where Jab = diag(µ, 0, µ,−µ, 0,−µ).
Assuming the mass parameter is inhomogeneous only along one space direction µ = µ(x), and
using the projection condition γ1ǫi = ǫi, which breaks half the supersymmetry, we obtain
(δǫ + δ
′
ǫ)
(LSYM + Lµ) = tr
[
2J ′abφa
(
− iψ¯p
(
Γpib P+ + Γ¯
pi
b P−
)
ǫi
)]
= tr
(
2J ′abφaδφb
)
. (A.63)
This term is cancelled by introducing the following additional mass Lagrangian term for the scalar
field
LJ = −tr
(
J ′abφaφb
)
. (A.64)
The resulting theory is the N = 1 ImSYM model.
Following the same procedure as in the case of the N = 1∗ theory in section 2, we obtain the
vacuum equations and the boundary condition for the N = 1 ImSYM model,
φ′aΓ¯
pi
a −
ig
2
[φa, φb]Γ¯
pr
a Γ
ri
b + µprφaΓ
ri
a = 0,
(
Jabφaφb +
ig
3
T˜abcφa[φb, φc]
)∣∣
boundary
= 0, (A.65)
where T˜135 = −T˜456 = −1 are the only non-zero elements of the constant antisymmetric tensor
T˜abc. Inserting p = {1, · · · , 4} and i = {3, 4} and separating the real and imaginary parts of the
first equation in (A.65), we obtain
φ′3 − ig[φ1, φ5]− µφ3 = 0, [φ1, φ2] = 0,
φ′6 − ig[φ4, φ5] + µφ6 = 0, [φ2, φ4] = 0,
φ′4 − ig[φ5, φ6] + µφ4 = 0, [φ2, φ6] = 0,
φ′1 + ig[φ3, φ5]− µφ1 = 0, [φ2, φ3] = 0,
[φ1, φ4]− [φ3, φ6] = 0, [φ2, φ5] = 0,
φ′5 + ig
(
[φ1, φ3] + [φ4, φ6]
)
= 0, φ′2 = 0,
[φ1, φ6] + [φ3, φ4] = 0. (A.66)
In the absence of the inhomogeneity, the solutions to these vacuum equations contain the Higgs
branch solutions for the massive scalar fields (φ1, φ3, φ4, φ6) and the Coulomb branch solutions for
the massless ones (φ2, φ3).
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